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1. Introduction

The basicideaof thetwistorProgrammeof R. Penrose[1] is to associatewith
agivenrealmanifoldwith geometricstructuresomecomplexmanifoldZ (“twis-
tor space”)andto reformulateproblemsof therealgeometryMm termsof such
a complexmanifoldZ. As a first steptowardsrealizinghis programme,Penrose
definedthetwistorspacefor the Minkowsky space asthecomplexprojective
spaceCP3.Theestablishedcorrespondencebetween~ andCF3 allowingoneto
interpretdifferent problemsof SpecialRelativity andMathematicalPhysicsin
termsof complexgeometry.This approachturnedout to be very fruitful.

Generalizingthe Penroseconstruction,Atiyah, Hitchin and Singer [21have
definedthetwistorspaceZof afour-dimensionalorientedRiemannian(orcon-
formal) manifoldM as the totalspaceof the projectivizedspinorbundle.They
havedefinedan almost complexstructureJ, on Z andhaveprovedthatJ~is
integrableif the Weyl tensorWof M is self-dual (* W= W). This construction
hasbeengeneralizedto quaternionicKählerandquaternionicmanifoldsM4~by
Salamon[3—51. If n> 1, the almostcomplexstructureJ~on the twistor spaceis
alwaysintegrable.Salamonhasalsodefineda canonicalcontactstructure~ on
Z, which is studiedin ref. [61.

The twistorspacefor an arbitraryRiemannianmanifold (M2~,g) was defined
by O’Brian andRawnsley[7] asthe manifold Com(M2’~,g) of all g-orthogonal
complexstructuresin tangentspacesTiM, XEM. It hasa naturalalmostcomplex
structureJ~anda distribution .~. It wasshownthatanyJ

7-holomorphiccurve
in Z tangentto ~ definedaharmonicmappingof a Riemanniansurfaceinto
(M, g). Unfortunately, the almost complex structureJ~is not integrablein
general.

To remedythissituation,Bryant [81proposedto definetheholomorphictwis-
tor spaceZhOl as the maximalsubmanifoldof Corn(M, g) on which J~induces
anintegrablecomplexstructureand~ definesaholomorphicdistribution.Bryant
classifiedthis kind of holomorphictwistorspacefor all Riemanniansymmetric
spaces.Thisgivesa powerfulmethodto constructharmonicmappingsinto sym-
metricmanifolds,seerefs. [9,101.

A generalconstructionof thetwistorspaceZwith analmostcomplexstructure
J~for an arbitraryG-structurehasbeenproposedby Bérard-BergeryandOchiai
[111. Theygive the conditionsfor integrabilityof the almostcomplexstructure
andapplyit to someclassicalG-structures.

In thispaperwe definethe notion of agroupof twistor typeas a linear group
G~ GL ( V) whoseLie algebra~ hasanelementJwithJ

2 = — 1.
The classificationof all semisimplelinear groupsof twistor type is an open

problembut the result of Bryant [81 showsthatthe isotropygroupG GL( V)
of acompactirreducibleRiemanniansymmetricspaceL/G is agroupof twistor
typeiffL/G isaHermitianor quaternionicsymmetricspaceor oneof thefollow-
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ing spaces:

50p±qlp XSOq, SPp+q/SPpXSpq,

E
7/S08, E8/Spin16, F4/Spin9.

Theseareexactlythe symmetricspacesthatadmitholomorphictwistorspaces.
Let G bea groupof twistor type.For anyG-structureit: P—~Mwith a connec-

tion, we definethe twistor spaceZ as total spaceof a bundler: Z—~MoverM,

with a complexaffine symmetricspaceS=G/H as fiber. We definean H-struc-
ture with a connectionw on Z, an almostcomplexstructureJz that is parallel
with respectto the connectionw anda J~-invariantw-paralleldistribution .~,

thatis the horizontaldistributionof aconnectionin thebundlet. Note thatour
constructionoftwistorspacecanbeconsideredasa specialform of the construc-
tion of Bérard-BergeryandOchiai.

We showthattheconditionsofintegrabilityofthe almostcomplexstructureJ~

andthe holomorphicityof the distribution~ reduceto somelinear conditions
on the curvaturetensorof the connection.They maybe consideredas generali-
zationsof the self-dualequation.For someLie groupG, theseconditionsareful-
filled automatically.

In particular,weprovethat,if ir:P—~M=P/Gis the G-structureassociatedwith
anaffinesymmetricspacePIG of aLie groupPandtheisotropygroupG GL( V)
is agroupofthetwistortype,thentheassociatedtwistorspaceZhasanintegrable
complexstructureandthe holomorphicdistribution~. This can beconsidered
asa generalizationof the resultsof Bryant, sincein the caseof a Riemannian
symmetricmanifoldPIG, ourtwistorspacecoincideswith theholomorphictwis-
tor space,constructedby Bryant.

2. Groupsof twistor typeandsymmetricspacesof complexstructures

Definition 2.1. A connectedlinearLie groupç~GL ( V), V=P 2n is calledagroup
oftwistortypeif its Liealgebra~ hasanelementJwithJ

2 = — 1. (In otherwords,
J is acomplexstructurein the vectorspaceV.)

We fix suchanelementJ andwedenotebyf (by m) the subspaceof elements
~ that commute(anticommute)with J.Thenm= [J, ~ I and

(2.1)

is asymmetricdecompositionof theLie algebra ~, that is,

[f,m]cm, [m,m}~f, [ff]cj.

The left multiplication by J defines,in the spacemof endomorphisms,an adf-
invariantcomplexstructureJ,~,
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Jm~X, Xem.

Thesymmetricdecomposition(2.1) correspondsto theaffine symmetricspace

S=(AdG)J=G/H, H=ZG(J),

andthe operatorJm definesin S aninvariantcomplexstructureJ~.
We saythatS= (Ad G)J= G/Histhecomplexsymmetricspaceassociatedwith

agroupG of twistortypeandacomplexstructureJo ~.

Example2.2. Let G=GL~(P)={AoGL2~(P),detA>0} andlet Jegl2~(P)be a

complexstructurein V=P
2’~.Thenthe associatedcomplexsymmetricspace

S=Com~=GL~(P)/GL~(C)

consistsof all complexstructuresJ in V, with fixed orientation.

Proposition2.3. Let G bea group oftwistor typeandS= (Ad G)Jbe theassoci-
atedsymmetricspace. Then S is a totally geodesiccomplexsubmanifoldin
Com~.Conversely,any totally geodesiccomplexsubmanifoldS Com~,is a
symmetricspaceassociatedwithsomegroup Goftwistor type.

NotethatacomplexstructureJo~ canbeexpressedas

J=exp~mJ.

Hence,it belongsto the Lie groupG. Moregenerally

S=(AdG)JcG~~.

Thisallows usto givethefollowing:

Definition 2.4.
(1) TheclosedsubgroupG(S)ofthe groupG, generatedby the set5, is called

thegroupof transvectionsof thesymmetricspaceS=(Ad G)J= G/H.
(2) Theclosedsubgroupa(S)ofG, generatedby G(S)andtheone-parameter

subgroupexp tJ, is called theextendedgroupof transvections.

Proposition 2.5. ThegroupsG(S),G(S) arenormalsubgroupsofG with theLie
algebras

~(S)=[m,m]+m, ~(S)=PJ+[m,m]+ m.

Thegroup~(S)is connectedandir
0(G(S))—_l,7L2or74.
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3. Conditions for integrability of an almost complexstructure and holomorphicity
of a distribution

Let V, Wbe vectorspaceswith fixed complexstructuresJ. Thenthe spaceof

W-valuedexteriork-formsCk( W) = W®A~~V*canbewritten as

C”(w)= ~

whereC””7( W) is the spaceofformsof the type (p, q).
Denoteby ~ Ck(W)—~C’~(W) the naturalprojectors.In particular,the

projector11°2=N~is givenexplicitlyby thefollowing Nijenhuisformula:

N~(A)(x,y)=flA(x,y)+JA(Jx,y)+JA(x,Jy)—A(Jx,Jy)],

AoC2(W), x,yEV.

Considerthefollowingexamples.Let V= W=~ (Z) bethespaceof vectorfields
on amanifold Z with an almostcomplexstructureJ andA= [., .] be the Lie
bracket.ThenN~([., . ]) = ~J,J~(the Nijenhuis bracketof the vector-valued
one-formJ).

Suppose,in addition,thaton Z thereis a linearconnectionVwith torsionten-
sor T suchthat VJ= 0. Then

N~(T)=~{J,Jj~.

Hence,the Newlander—Nirenbergconditionof integrabilitycan bereformulated
as follows:

Proposition 3.1. LetJbean almostcomplexstructureon a manifoldZand Vbea
connectionwith torsion tensorTsuchthat VJ= 0. ThestructureJ is integrableiff
T°2~N~(T)=0.

Let Z be a manifold with an almostcomplexstructureJ and let ~ be a
invariantdistribution.We assumethat thereexistsaconnectionV with torsion
tensorT thatpreservesJ and.iV~(VJ=0, V.i( ~

The operatorJ definesa complexstructurein the spaceV= �~~(Z)of vector
fields. The vectorfields thatbelongto the distribution ,~(form acomplexsub-
spaceU= ~ ( 1). Definethetwo-form

S:VA V-~V/U

by theformula

S(X,Y)=T(X,Y) modU.

It canbe composedinto a sumof purecomponents,

S=s2°+sI’+s°2.
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Proposition 3.2. Thefollowingconditionsareequivalent:
(])S11(JX,~)=JS’1(X,~)foranyXoU.
(2) Thedistribution .V~canbedefinedlocally by the equationsr1

1 = = = 0,
wherei~,areforms ofthe type (1, 0), andthe (1, 1) component(dy,)” oftheir
differentialbelongsto the ideal (i~1, ...,

Definition 3.3. We saythataJ-invariantdistribution~( is almostholomorphicif
theequivalentconditionsofproposition3.2 arefulfilled.

Theorem3.4. Supposethat an almostcomplexstructureon a manifoldZ is inte-
grable. Thenanyalmostholomorphicdistributionon Z is holomorphic,i.e., it can
bedefinedbyasetofholomorphicone-forms.

4. G-structures with a connectionand derived H-structures

Let G ~ GL( V), V=P’
1, bealineargroup.

Definition 4.1. A principal G-bundle it:P—*Mover ann-dimensionalmanifoldM
(with the left actionof G) iscalleda G-structureif it isequippedwith a V-valued
G-equivariantstrictly horizontalone-form0: TP—~V (a one-formon P is called
strictlyhorizontalif itskernelistheverticalsubbundleof thetangentbundleTP).
The form 0 iscalled the displacementform of a G-structure.

Thisdefinitionis equivalentto the standardone.Indeed,the one-formO~,,in a
pointpoPdefines,in an obviousway, an isomorphismj5: T~M—V that is a co-
frameof M. Se we mayidentify P with a principal G-subbundleP= {j~,poP} of
thecoframebundle.

Let it: P—MbeaG-structurewith displacementform 0. Foranyclosedsubgroup
H of G wedefineaprincipalH-bundle

m’:P-~Z=P/H,

whereZ=P/H is the orbit spaceof thegroupH into P, andabundle

~: Z=P/H-M=P/G

with afiber G/H. Thebundlet is thebundleassociatedwith theprincipalbundle
it andthe naturalactionof G on G/H:

t: Z=Px
0G/H—~~P/G=M.

Choosea connectionw: TP—~~=Lie G in theG-structureit andassumethatthe
subgroupH is reductive,i.e., thatthereexistsa reductivedecomposition

~=f+m, [f,m]c~m, (4.1)
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of theLie algebra~, wherefis the Lie algebraof H.
Thenwe canturn it’ into anH-structurewith aconnection.To do this,first of

all, we identify H with a subgroupof the lineargroupgl ( V’) of the vectorspace
V’= V~mby associatingwith an elementhoHthetransformation

h:V’3(v,X)F—~(hv, [h,X]).

Forany p-valuedform a on Pwe shalldenoteby a-1andatm itsfand mcompo-

nents,respectively,
a=aj~i~am.

Thefollowing resultcanbecheckedimmediately.

Theorem4.2. Let it: P—~Mbe a G-structurewith a connectionand let 0: TP—~V
andw: TP—+ ~ bethedisplacementformandtheconnectionform, respectively.Let
H be a reductivesubgroupofG with a reductivedecomposition(4.1). Then the
principalH-bundle

it’:P-~P/H=Z

equippedwith the V’= V~m-valuedone-formO’=O+wm, is an H-structureand

theone-formw’=w1is a connectionformon thisH-structure.

Definition 4.3. The H-structureit’:P—~P/H=Zwith the connectionw’ is called
the derivedH-structureof a G-structureit. The projection~=ir~(Ker w) on Z
of thehorizontaldistribution.~‘ = Ker a of the connectionw iscalled the canon-
ical (horizontal)distributionon Z.

Note that .~ is the horizontaldistributionof the connectionin the associated
bundle‘r: Z—~Minducedby theconnectionw. Thecurvatureandthetorsionforms
Q’, 0’ of the derivedconnectionw’ canbe expressedin termsof thecurvature
andthetorsionformsQ, 0 ofthe initial connectionw as follows:

&—(OmAO ‘\ Q’—~’ 0 \\ 42~QmI[WmAWm]m)’ ~0 ad~)’ ( . )

wherethevectorsfrom V’ = V~mareconsideredascolumnsv’ = (~), yeV, Xem,
andW=Qf~~~(adwmAwm)1~.

5. Thetwistor spaceof a G-structure of twistor type

Now let it:P-*Mbe aG-structurewith aconnectionwhereG ~ GL( V), V=P2”
is aLie group of twistor type. We call this G-structurewith a connectiona G-
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structureof twistor type.We fix a complexstructureJ0e~ in Vanddenoteby
H=ZG(Jo) its centralizerin G. As in section4, we identify Hwith a subgroupof
thegroupGL(V’), V’=V~m.

NotethatthegroupH commuteswith the complexstructureJ’ =J0~J~of the
spaceV’. Hence,Hc GL~.(C),n’=~dimV’. This meansthat the H-structure
it’:P—~Z=P/His subordinatedto the GL~(C)-structurethatis an almostcom-
plex structureJ~on Z. This almost complexstructuretakesthe standardform
with respectto anycoframefl: T~Z—*V’ associatedwith an elementpeP.More
precisely,

(J~)~=P’~J’~i3,z=it’peZ.

Definition 5.1. Let it:P—*Mbe a G-structureof twistor typeandH=ZG(Jo)the
centralizerof acomplexstructureJ0e~ into G. The manifoldZ=P/H equipped
with thecanonicaldistribution~, thederivedH-structureit’: P—~Z with connec-
tion w ‘ = oandthealmostcomplexstructureJ~,is calledthe twistorspaceof the
G-structureit associatedwith acomplexstructureJ0e~.

We remarkthat the distribution~ andthe almostcomplexstructureJ~are
parallelwith respectto the connectionof. Hence,we canapplythe resultof sec-
tion 3. Using (4.2),weobtain:

Theorem5.2. Let it: P—~Mbea G-structureofthe twistor type with connection form
w. Then

[i] the almost complex structure J~on the twistor space Z=P/H is integrable iff

902=0 (Qm)O20; (i)

[h] thecanonicaldistribution .~ isalmostholomorphiciff
(Qm)11Ø (h)

where0, 9 are the torsion form and the curvatureform of the connectionw,
9 Q~r+9’” is thedecompositionof9 associatedwith thesymmetricdecomposition

~=f+m, ~=LieG, f=LieH,

and,for anyhorizontalforma with valuesin thecomplexspace(V’, J’), we de-
noteby ~ its (p, q) component.

6. The space~R(~)of curvature tensors

In thisbasicpurelyalgebraicsectionwe studythe space9~( ~)ofalgebraiccur-
vaturetensorsof type ~, where~ is the Lie algebraof agroupG of twistor type.
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In otherwords,91(~) is the spaceof p-valuedexterior two-forms,closedunder
the Koszul—Spencerdifferential.

We describethedecompositionof thespace~R( ~fl,associatedwith acomplex
structureJo ~, anddefinetwo importantspaces,

The obstaclesto the integrabilityof the almostcomplexstructure.J~on thetwis-
tor spaceZ and the almost holomorphicityof the distribution i~ lie in these
spaces.

We also define two G-submodules~ ~) and91ho1( ~). The complexstruc-
tureJ~is integrableiff the curvaturetensorof the correspondingconnectionw
belongsto ~ ( ~) andthe distribution ~ is almostholomorphiciff it belongs
tO9~hoI ( ~). We provesomeresultsaboutthesespaceswhichimply theconditions
of integrabilityofJ~andof theholomorphicityof ~ obtainedin thenextsection.

Let V= P2n bea vectorspacewith acomplexstructureJ
0. Also wedenoteby J0

the inducedcomplexstructurein gl ( V),

J0:X~-~J0X,Xegl(V),

andby g110 [g1~] theJ0-invariantsubspaceof elementsXegl( V) that commute
[anticommute] with J0. In otherwords,g110 [gl0,1]isthespaceof V-valuedone-
formsoftype(1, 0) [(0,1)].

Let ~ ~ gl ( V) be a J0-invariantsubspace.We havethe following decomposi-
tion ofthe spaceC

2(~)of s-valuedtwo-forms:

C2(~)= ~ C’°~(~), (6.1)
p+q=2

whereC1~~(~)is thespaceof formsoftype (p, q). In particular,wehave

C2=C2(gl(V))= ~ C’~+ ~ C~,
p+q=2 p±q=2

C’j’g=C’~(gl
10), C~=C’~(gl01).

Denoteby

H~~:C
2+C2(glr~), ~ H~’:C2-+C~?

thenaturalprojectionsandby

d: C2= V® V”® A2 ~ A3

thenaturalmapdefinedby alternation.We remarkthatd is a particularcaseof

theKoszul—Spencerdifferential,
d: V®S~~V*®A~’V*~+V®5~lV*® A1+1
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of the complex

V®SkV*®S/V*,d).

Definition 6.1. Let ~ ~ gl( V) be asubspace.The space

~R(&~)={RoC2(~), dR=0}

of d-closeds-valuedtwo-formsis called thespaceof curvaturetensorsof type ~.

For anyAegl(V) [BeGL( V)] we denoteby A [TB] the associatedderivation
[automorphism] ofthetensoralgebraTen(V).

Let ~ ~ gl( V) bean ad.1
0-invariantsubspace.Then

~=fEBm, (6.2)

wheref=Z~(J0)~ gl10 is thecentralizerandm= [J0,~] ~gl0~.Wehavethefol-

lowing obviouslemma:

Lemma6.2.
(1) The operators J0, T.~0=exp~itJo,T,,j.j~,where~/i~=(1/~.,/~)(l+J0), pre-

servethe spaces ~R(t~),¶R(f),¶R(m).
(2) =~+(~)+9L(~),

where

~±(~)={R± ~H÷R:=~[R(, )+J0R(J0~,J0~)J0] ,Re~R(~)}

is the eigenspace of the operator T~0with eigenvalue ±1.

For anyJ0-invariantsubspace~ ~ gl ( V), weset

~ ~)=R(,J0)=J0R(~, )=R(~,‘)J0}.

We saythat9t~(~)is the spaceof holomorphiccurvaturetensorsof type ~.

We havethe following importantproposition:

Proposition 6.3. Let t~ gl ( V) bean adJ0-invariantsubspacewith thedecompo-
sition (6.2). Then

(1)
=H°o~R(~5)EB(11~?+H~R(~)
=H~(~)~Ker(.uIR(~));

(2) I~f~R(~3)=H°
2~R(m)=R±(m)

where~R±(m)={Re9~(m), T~
0R=R};
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(3) 9~(~)

~

(4)

where

9L(f)={Re9~(f) ,T~,R=—R},

The prooffollows from the study of the eigenvaluesof the operators10, T~0,

T~ andJ0 +2J~in thespaceC~’.
We havethe following canonicaldecompositionof a tensorRE ~R(s):

R= [Q°
2+(Q20+P11)]+ [P20+ (P°2+Q11)]=R±+R,

wherepr,sEC~,QrsEC~,R±e~R±(s). Using the Nijenhuis formulafrom sec-
tion 3, wecanderivethefollowing expressionfor Q°2:

Q°2= H~R= 11°2R+

=~[R(., )+JR(J~,.)+JR(.,J)..R(J.,J~)

—JR(J,J.)J—R(.,J.)J—R(J.,~)J+JR(~)J].

Proposition6.3 impliesthe following:

Corollary 6.4. Let~ =f+ m gl ( V) be an ad J
0-invariantsubspace.Thenfor any

Re9~(~)we have

Q°
2o9~(m), Q20+P”e~R(~)

P20e~R(f+Jof), P°2+Q11o~(~+J
0~),

R±e~R(~).

Corollary 6.5. Assumethat

~R~(fnJof)~R..(f)=0.

This is the case iffnJ0f=0 or n= ~ dim V~3 and fnJof=P id+PJ0.Then

Let ~ bethe Lie algebraof a groupGof twistor type andJ0e ~ a complexstruc-
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ture.Thenthespace~ is adJ-invariantfor anycomplexstructureJE S= (Ad G)J0.
Hence,we canapplythe aboveconstructionsandresultsto the casewhen V is
equippedwith anarbitrarycomplexstructureJeS. In this case we shalladdthe
letterJ to the appropriatesymbols.For example,the decomposition(6.1) with
respectto acomplexstructureJis written as

~

p+q=2

Now we definetwo subspacesof ¶R( ~):
~ ((1’\ 02

er (J)01
JE S

~ho1(~) fl KerH~~
JeS

Lemma6.6. Thespaces~ ( ~)and ~Rho1( ~)are invariant under the action of the
group Ginto the space ‘~R(~).

Now wegive somecharacterizationofthesespaces.First of all, proposition6.3

showsthat

~ VJES},

~ VJES},

whereR= R~P+R~ is the decompositionof R into the sumof eigenvectorsof
theoperatorT~with eigenvalues±1 and

¶RY)(f~)={Re9l(f~),T~R=—R}, f~=Z~(J).

ForanygroupK that actslinearly on a vectorspaceW, we denoteby W’< the

spaceof K-invariantvectors.

Proposition 6.7. Let Gbeagroupoftwistor type,S= (Ad G)J0 the symmetric space
associated with a complex structure J00 ~ and G(S) and G(S) the group of trans-
vections and the extended group of transvections. Then

(1) ~fl(~)G(S) ~ho1( ~);
(2) ~

(3) assume that ¶R0(fr~Jof ) ~R_(f) =0, wheref=Z~(J0).
This is the case if fnJ0f=0 orfn J0f= P id +PJ0 and n = ~ dim V~3. Then

Proof
(1) Let Re~R(ç~)G(S). Thenfor anyJeSc G(S)wehaveT~R=R,that is,
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R=R~, 0=R=P~9)+P?3)+Q~).

Hence,Q~ =H~)olR=0YJandRE
9~hOL( ~).

(2) By proposition6.3(1), thefollowing conditionsareequivalent:
(a) REKerH?3)OI,

(b) JR=0,
(c) {exp tJ}R{TexpTj}RR.

But ~(S)={exp tJ}~G(S)andwe mayassumethat the tensorR is G(S)-invar-
iant. This proves(2).

(3) Assumethat 9U. (f) =0, wheref=Z~(J
0).Thena similar equalityis true

for anycomplexstructureJoSandtheassociateddecomposition~=f(J) + mo).
By proposition6.3(4),wehavein this case

If Re~RhOI(~)= fl.~,Ker H~)ol,thenR~i’~=0,R=R ~ Thismeansthat T~R=R
for anyJES.SinceG(S) isgeneratedby J05, thetensorR is G(S)-invariant. ~

Proposition 6.8. Thefollowing conditions are equivalent:
(a) ~
(b) 91(m) c Ker H°

2,
(c) 91(m)r~ImH°2={0},

where H°2is the projector associated with the complex structure J
0 and m= [J0,~].

The prooffollows from thedefinitions.
Now wegivesomeconditionsfor 91,~~(~)~0. We denoteby

91~(~) ={RER( ~), ric(R) =0}

thesubspaceof tracelesscurvaturetensors,wherenc(R)e®
2V* istheRicci ten-

sorof Rdefinedby

ric(R)(x,y)=tr(zi.-~R(x,z)y)

Notethatthe k-prolongation of asubspace~ gl ( V) is definedas

= (~®Sk_LV*) n (V®SkV*).

Proposition 6.9.
(1) Let ~ ~ ¶R( ~) be a G(S)-invariantsubspacewith ~7n91°(~)={0}. Then

~=91int(~).

(2)Assumethat~0~#{0} andm”~={0}, wherem=[J
0, ~]. Then

9l~~~V~)~d(~~)®V*)�{0}.
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(3) Let egbea reductiveLie algebraoftypetwo (thatis, ~‘( ‘~~ o, ~( 2)= 0). Then

91iflt(~) ~ d(~)® V’~’y2 g(l)®~*

Now weassumethatthereis aG-invariantcomplementto thesubspace91~(~)
in 91 ( ~). (This is alwaysthe caseif theLie algebra~ is semisimple.)We denote
thiscomplementby ~ sincethe map

ric:91,~~—~ric(91(~))
is anisomorphismandtensorsfrom 91ric aredeterminedby theirRicci tensors.

Definition 6.10. The projectionW(R)ofatensorRe91(~)=91o( ~ on the
subspace91~(~) iscalled theWeyl tensorof R.

Proposition 6.11. Let ~ be the Lie algebraofa groupG oftwistor type.Assume
that thereis G-invariantdecomposition

(1) Then91,
1~(~)c91~(~).

(2) Assumethat theG-module91~(~) is irreducibleand that 91~(m) ~0. Then
91ric(~)91int(~

(3) Assumethat 91~(~)= ~ + ~V, wherethe G-module~‘1 consistsofG(S)-
invariant tensorsandtheG-module~ is irreducible,and91~(m) �0.
Then

91int(~)91ric~1i.

Proof (1) and (2) follow from proposition6.9(1), and (3) follows from (1)
andproposition6.7(2).

7. Conditions of integrability of the almost complexstructure and of
holomorphicity of the distribution in the twistor space

First of all wereformulatethemaintheorem5.2in moreconvenientterms.Let
it:P—*Mbea G-structurewith thedisplacementform 0andlet 9bethecurvature
form of aconnectionw in it. We canassociatewith 9 afunctionRU) with values
in thespaceC2(~) of p-valuedtwo-formsas

R~:Pap~+R~’_—Q~(j3’~3_I .),

wherej3: T~~M—~Vis a coframe,definedby peP.R°~is called the curvaturefunc-
tion of a connectionw. Note that its value R~is the curvaturetensorof the con-
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nectionw calculatedwith respectto the coframeJ3. For simplicity, we shall as-
sumefrom nowon thattheconnectionw hasno torsion.In thiscasethecurvature
functionR takesits valuesin the space91 ( ~).

We canreformulatetheorem5.2 asfollows:

Theorem7.1. Let it: P—+M bea G-structureoftwistor typewitha torsionlesscon-
nectionwandlet R’°:P—p91 ( ~) beits curvaturefunction.Let Z bethetwistorspace
ofit associatedwith a complexstructureJ

00 ~. Then
[1] thealmostcomplexstructureJ~on theassociatedtwistorspaceZ is integrable

ifandonlyif

Q~
2:=H~R~0I/peP, (i)

[hi thecanonicaldistribution~ on Z is almostholomorphicif andonly if

Q~’:=H~R~z0I/peP. (h)

(HereH~’=H~),~.)

Let H~be one of the projectors H~’J),Sassociatedwith a complex structure

J
0S= (Ad G)JO. Thenfor anygoG,we have

HTgJTgRp~=HTgJRg~p=Tg(HJRp~), (7.1)

or

HJRg~p=H~T~R~= TgHTIJRp~.

Thisshowsthatconditions (i), (h) canberewrittenas follows:

~ flKerH?3)ol , I/poP, (i’)

R~o
91hOl(~)=fl KerH~

01, I/peP. (h’)
J� S

We obtain

Corollary 7.2. Under the assumptionsoftheorem7.1, condition~ij is fulfilled iff
the curvaturefunctionR takesits valuesin the G-module

91jflt( ~), andcondition
[hi isfulfilled iffR~takesits valuesin the G-module91h~l(¶~).

Now the propositionsof section6 canbe reformulatedasdifferentconditions
for theintegrabilityof thealmostcomplexstructureJ~on thetwistorspaceZ and
the almostholomorphicityof the canonicaldistribution.~. We statesomeof
them.Proposition6.7(1), (2) implies

Theorem7.3. Under the assumptionsoftheorem 7.1, assumethat the group of
transvectionsG(S)preservesthecurvaturetensor:
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TgR~R~, I/peP, VgeG(S).

Then
(1) thedistribution ,~is almostholomorphic,
(2) thealmostcomplexstructure.17 is integrableiff thecurvaturetensoris invar-

iant undertheextendedgroupoftransvectionsG(S).

Corollary 7.4. Let M=L/G be an affine symmetricspaceand it:L—~L/Gbe the
associatedG-structurewith connection,whereG is consideredas a linear group in
theisotropy representation.Assumethat G is a groupoftwistor typeandZ is the
twistorspaceof it associatedwith a complexstructureJ0~

Then,the almostcomplexstructureJ7 on the twistorspaceZ is integrableand
thecanonicaldistribution ,,~is holomorphic.

Assertion(3) of proposition6.7 impliesthe following theorem,whichmaybe
consideredasa partial reversionof theorem7.3.

Theorem7.5. Undertheassumptionsoftheorem7.1, assumethat

91..(f)~91~(fnJ0f)O,

wheref=Z~(J0). This is the case if fnJ0f=0 or fnJ0f=Pid+PJ0 and
n=~dim V~3.

(1) Thenthe canonicaldistribution .~ in the twistor spaceZ is almostholo-
morphic iffthecurvaturetensorR~’,peP,is invariant underthegroupoftransvec-
tionsG(S).

(2) If this is the case, theRicci tensorric(R~)is invariantunderthe extended
groupoftransvectionsa(S).

(3) If the curvaturetensoris invariant underthegroup G(S), then thealmost
complexstructure.J~is integrable.

Corollary 7.6. Under the assumptionsof theorems7.1 and 7.5, assumethat
G=G (5). (Thisis thecaseif thegroupG issimple.)Thenthefollowingconditions
areequivalent.

(1) ~ is an almostholomorphicdistribution.
(2) ~ is a holomorphicdistribution in thecomplextwistorspace(Z,.1,).
(3) Thecurvaturetensorin eachpoint is invariantunderthegroupG.

Fromproposition6.11 wehave

Theorem7.7. Undertheassumptionsoftheorem7.1, assumethat
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where91rjc is a G-module.Thenthe vanishingofthe WeyltensorW(R°~)is suffi-
cientfor the integrability ofthe complexstructureJ~.If the G-module91~(~) is
irreducible, theconditionW(R~)) = 0 isalsonecessaryfor the integrabilityof.J~.

Proposition6.8 canbe reformulatedas

Theorem7.8. ThealmostcomplexstructureJ~on thetwistor spaceZ ofan arbi-
trary G-structurewith a torsionlessconnectionis integrableiff thefollowing two
equivalentconditionsarefulfilled:

(b) 91(m)c~Ker H°2
(c)91(m)r’JmH°2=0.

This is thecaseif9l(m)=0.

8. Examples

We apply the general resultsof sections6 and7 to G-structureswith someclas-
sical irreduciblelinear Lie groupsG of twistor typethatbelongto the Bergerlist
of irreducibleholonomygroupsof torsionlessconnections.

ForeachgroupG weindicatethesymmetricspaceS=G/H, H= ZG(J
0), asso-

ciatedwith a complexstructureJ00 ~ andthe groupsG(S),G(S) andwe state
theconditionsthatareequivalentto the following conditions:

(i) The almost complex structure J7 on the twistorspaceZ, associated with a
G-structureit andwith torsionlessconnectionw, is integrable.

(h) The canonicaldistribution ~ on Z is almostholomorphic.
We denoteby R”~,ric°~,W°-~the curvaturetensor,Ricci tensorandWeyl tensor

of theconnectionw. In somecases,wealsodescribethedecompositionof the G-
module91 ( ~) into irreduciblesubmodules.

Notethatmanyresultsstatedbelowaboutthe integrabilityofthe almostcom-
plex structureJ~areknown.

1. G=GL~(R)

S=GL~(P)/GL~(C),

G(S)=~(S)=SL2~(P);

91+(m)~91C(gl~(C))5~{0},

91(~)=d(~c~)®V*)=V®S
2V*A V*

=91o(~)~~91s2v*~91A2v., 91
0(~)=Kerric.

The spaces
91A2V* and9152V* consistof tensorsof theform Rb,

Rb(x, y) = [b(x, y)—b(y,x) ]E+x®b~—y®b~, x,yeV,
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where b is a skew-symmetricandsymmetric bilinear form, respectively,and
b~,=b(y,‘).

Note that ric(Rh)=2nb_btandthe Weyl tensorof the curvaturetensorR is
called theprojectivecurvaturetensor.

(i) W°-~0, that is, the connectionw is projectivelyflat [111.
(h) ~ that is, theconnectionw is flat.

2. G=Sp~(P),V=P2”

S=Sp~(P)/U~, G(S)=~(S)=Sp~(P);

~ 91
0(~)=Kerric,

~

wherep is the standardsymplecticform of the space

(h)~R~°~0,that is, the connectionw is flat.

Remark. It is an interestingproblemto constructandto studya manifoldwith a
symplectictorsionlessconnectionthathasavanishingWeyl tensor.

3. G=SO2~orCO2~=P~SO2~,n?’2

S=S02,,/U,,~CO2,~/P~U~,

G(S)=~(S)=~SO2fl, n>2,

~Sp1, n=2.

(0, forG=SO2,~,n~2,
91_(f)=~0, forG=CO2~,n~3,

(~C, forG=C04,C=Pid+PJ0.

(i )~ (5)~W~= W~,thatis, theWeyltensorW°~is invariantunderthegroup
oftransvections,

(h).~.G(S).R°-’=R~,that is, thecurvaturetensoris invariantunderthegroup
of transvections.

As acorollary,we have

Theorem8.1. Let M
2’~bea manifoldwitha conformalstructureanda torsionless

conformalconnectionw. Then
(1) ThealmostcomplexstructureJ~in theassociatedtwistorspaceZ is integra-
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ble iff
—forn> 2 theconformalstructureisflat (that is, its WeyltensorWasO~,and
— for n= 2 theconformalstructureis anti-self-dual(that is, theself-dualpart ofthe
WeyltensorW~as0.) [2,11];

(2) thecanonicaldistribution~ is almostholomorphiciff
—for n> 2 theconnectionw is theLevi-Civita connectionofa metricofconstant
curvature,and
— for n= 2 the connectionw is anti-self-dualand its Ricci tensorncsatisfiesthe
followingconditions:

*rica= _rica, rics=fg, feC°’~(IvI)

whererica andrics aretheskew-symmetricand thesymmetricpartsofthetensor
ncandg is a metric thatdefinestheconformalstructure.

Example8.2. The sphere S2”=SO
2~+1/SO2~and the Lobachevsky space

A
2”=SO

2~1/SO2~havethe twistor spaces

Z(S
2”) =SO

2,~+1/Un, Z(A
2~)=SO

2,~,1/U,~,

with the integrablecomplexstructureandthe holomorphiccanonicaldistribu-
tions.

In particular,thetwistorspaceofthe four-sphereis

Z(S
4)=S0

5/U2~CP
3,

and the holomorphic canonicaldistribution definesa S0
5-invariantcomplex

contactstructurein CF
3.

Considernow the case when a linear group G is not simpleandcanbe decom-
posedinto the tensorproduct

G=G
1®G2cGL(V1®V2)

of two linear groups G,~ GL ( V1), i = 1, 2. Assumethat G1 is agroup of twistor
type and that J1 e = Lie G1 is a complex structure in the space V1. Then
J0= J1® 10 ~ ® 1 + 1 ® ~2 = ~= Lie G is a complex structure in the space
V= V1® V2. Hence,G is agroupof twistortype.

Theorem8.3. Let G=G1®G2~ GL( V1® 1/2) be a group oftwistor typeand let
.10=J1® 1 be a complexstructurein V= V1® V2 thatbelongsto the ideal ~~®l of
theLie algebra ~. Let Z bethetwistorspaceofa G-structurewith torsionlesscon-
nectionw,associatedwith J0.Assumethatdim 1”2> 2 ordim V2 = 2 andthesecond
prolongationofthe algebra ~c1gi ( V1) is equalto zero. Thencondition(i) is sat-
isfiedandcondition(h) is equivalentto thecondition

G(S)R~=R°~.
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Theprooffollows from theorems7.8 and7.5,if weobservethat

m_—[Jo,~]c~, fnJ0fc~1,

andusethefollowing

Lemma 8.4.

Jo, ifq=dimV2>2,
(~1®l)_l~2, ifq=2.

We notealsothat,in thecaseq=2,the spaceV91(~~®l) of first covariantderiv-
ativesofthe curvaturetensoris isomorphicto thespaceeg~

3)~

V91(~
1®l)~

3)~~3).

We applythistheorem(moreprecisely,its complexifiedversion) to the follow-
ing two examples.

4. G=Sp
1~Sp~orSp1~GL~(D-fl)

S=Sp1/T’=CP
1, G(S)=G(S)=Sp

1.

We shall assume that m>l, since for m=1 we have Sp1~Sp1=SO4,

Sm~GL1(El-Il) =C04,andthesegroupswereconsideredbefore.
Condition (i) is fulfilled.
(h)~Sp1~R’°=R°~.
Thisconditionis alwayssatisfiedif G=5p1 . Sp~.Hence,wehave

Theorem8.5 [3,4]. ThetwistorspaceZ ofa quaternionicKähleror quaternionic
manifoldM

4’”, m> 1, has theintegrablecomplexstructure.Thecanonicaldistri-
bution ~ on Z is holomorphicif andonly if the curvaturetensorat eachpoint is
invariantunderthegroupSp~.

5. GP~SLp(H)~SLq(OIl),P>1, q> 1
Here V= P~ ~ = diag( iE~,— iE~)esir, (I-Il), whereE~is the identitymatrix of

theorderp. We have

S=R~SL~(H)/GL~(C),G(S)=~(S)=SL~(O-l).

Wemay apply the complexified versionof theorem8.3. It showsthat condition
(i) is fulfilled andcondition(h) is equivalentto thecondition

G(S)~R~°=R°~.
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Sinceany G(S)-invariantglq(lJ-fl)-valuedtwo-form on 1/is zero,the G(S)-invar-

iant tensorR~lies in thespace91 (sl~,(li-fl) ), whichiszeroby lemma8.4.Weobtain

Theorem8.6. Let G=P + ~SLp(El~fl)~SLq(l~fl),p> 1, q> 1. Thenthe twistor spaceZ
ofanyG-structurewith a torsionlessconnectionhas integrablecomplexstructure
J7. Thecanonicaldistribution ~ is holomorphicif andonly if theconnectionis
flat.

9. Caseof connectionwith torsion

9.1. Let it:P—~MbeaG-structureof twistor type.
Denoteby ~fthe affine spaceof connectionsin it andby / (/,~) the spaceof

almostcomplex(complex) structureson the twistorspaceZ=P/H, seesection
5. In section5 we defineamapping

j: ~-*/

thatassociateswith aconnectionwe ~‘ somealmostcomplexstructureJo)=J~in
Z. Now wedescribeafiberofj.

Notethatthe differencey=th—wof two connectionsoi, the ~‘, is a G-equivar-
ianthorizontala-valuedone-formon P. It maybewritten as

whereF= (F,, ...,F2~):P—~C’(g)isaG-equivariantfunctionand0= (0’,..., 02~~)

is the displacement form.
As in section6, we definethenaturalprojections

H~g:Cl(g)_~C/~~(f)

~ p+q=l,p?~O,q~O.

Theorem9.1. Let w, the ~ and

th — w= = [o 0.

The connectionsw, th definethe samealmost complexstructureJU)=Jw iff
l1°o:~F~=0 I/peP.Moreover,if rI3’~F~=0, thenthealmostcomplexstructuresJ~,
J~coincidein thepointz=m’peZ.

Proof We beginwith somealgebraicconsiderations.Let

i j(1,3) O—~Y-T-~X--~0

bea shortexactsequenceof real vectorspaces,andlet theshortexact sequence



224 D. V Alekseevskyand M.M. Graev/ G-structuresoftwistor typeandtheir twistorspaces

(a,/J) 0~Yi~-T~X*--0
be its splitting, that is, flo~=jdy, joaidx. The monomorphismsi: Y—~T,
j*:X*c* T* induce monomorphisms Hom(X, Y)’—~Hom(X,T),

Horn (X, Y) ~ Hom ( T, Y). It defines anactionof the vectorgroupHom(X, Y)
on the set of splittings (a, /3) by

Hom(X, Y):(a,fl)i-*(a—ç,fl+ç9).

Assume thatcomplexstructuresJ~,J~,in thespacesX, Yaregiven.Thenwehave
the decomposition

Hom~(X,Y)=Hom”°(X,Y)+Hom°”(X,Y),

whereHom1’°(Horn°”)is the spaceof holomorphic(antiholomorphic)homo-
morphisms.

A splitting (a, /3) of thesequence(i,j) determinesauniquecomplexstructure
J(a,/3) in Tsuchthat (i,j) is asequenceof complexvectorspaces.We havethe
following algebraic

Lemma 9.2.
(1) Twosplittings (a, /3), (a,fl) of an exactsequence(i,j) definethe same

complexstructureJ(a, /3) = J(a, fl~)in Tiff

a_ã=$’—/3eHom”°(X,Y).

(2) ThegroupHom°”(X, Y) actssimplytransitivelyon thesetofcomplexstruc-
turesoftheformJ(a,/3) asfollows:

Hom°’1(X,Y)3ç0:J(a,/3)F-J(a—ço,fl+ço).

To provetheorem9.1, weapplythe lemmato two complexstructuresJ°~,J°’of
the tangent space T~Zof a point zeZ.Wehavethe shortexactsequence

J=t*

(i,j) ~ x=ir’(z).

A point peit - ‘(x) determinestwo isomorphismsv~:T~Z— m andOp: T~M-+V.
Hence,thecomplexstructuresJm, J~inducecomplexstructuresin T~ZandTIM.

Eachconnectionw defines a splitting (a, /3) of the sequence(i,j):

Im a=Ker$=d~.

We havethefollowing formula:

~ (*)

It is easyto checkthat
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J~=J(a,fl).

Let th=w+FoO=w+y beanotherconnection.It definesa new splitting (a,~)
andanewcomplexstructure

Accordingto lemma9.2,

~ T~Z).

We mayrewritethelastconditionas follows:

vpo(~_fl)o0~beHom1~O(V~m).

Usingformula (* ), the lastexpressionmaybewritten as

v~o(~—fl~)o0~’~

=(th~—w~’”)o0~’ y~’”o0~ F~.

Hence,the equalityJ~’=J~holdsiffF~’” asH0 ,F~eHom
1’°(V, in) C”°(m)or,

in otherterms, iff

H8JF~=0 I/peP.

Thisprovestheorem9.1. E

9.2. We definetwo equivalencerelationsL and~ in ~.

Definition 9.3. Let w, the ~ betwo connectionswith the torsionforms 9, ~. The
connectionsw, th are called Tor-equivalent (Tor°’2-equivalent) iff 0= t~$
(00.2 = ~0.2) whereØo~2is the (0, 2)-componentof 61. In thiscaseweshallwrite

ojLth (w~w).

It isclearthatwL th impliesw th.

Lemma9.4. Let th=w+F~’0.Then

~ dF=0,

th~w ~ I1g~dF=dHg~F=0

~ ~ I/peP,

where

d:C~= V®V*®V*~C2 V®A2V*
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is the Koszul—Spencerdifferential.

Theorem9.5. Let w0e ~.

(1) Then the sets {Jw, w w0 }, {f°, w w0} consist of one element iff

0=m°’
1:=(Kerd) nC’ (m)=H3’~g01~

(2) Assume that the group G is reductive (or more generally, C’ (g) = g01)

where 92’ is a ~ (S)-invaniant complement to the first prolongation gOl) of g) . Then

{Jw, ~L w
0}={J°~, w~w0}.

Corollary 9.6.
(1) Assume that g(

2) =0 and g(1 = V*. Then m°’~=0 and two connections w, th
with the torsion forms 0, ~ define the same almost complex structure iff

6102=610,2

(2) Assume that G is a reductive group and w
0 is a torsionless connection. Then

anyalmost complexstructureJfrom theset {JW, w~w0}is determined by a tor-
sionlessconnection w. Theconversestatementis alsotrue.

Remark 9.7. This corollarymaybeappliedto anirreduciblelineargroupof type
2, in particularto

GCO~, GL,(H)~Sp~,GLp(F)~GLq(F), FP,C.

9.3. Nowwe characterizeaconnectionfrom the set

=j’(/i~nj(~)),

thatis, aconnectionwthatdeterminesanintegrablecomplexstructureJ~)~Recall
(seesection7) thatthe curvatureform of aconnectionw definesthe curvature
function

R~°:P—~C
2(g).

In thesameway, the torsionform 0 definesthetorsionfunction

T~:P—~C~=V®A2V*,

where

T~’=0~(~’~

andj3:T,~M—~Vis the coframe associated with a point peP.
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Theorem9.8. Thealmost complex structure J°~associated with a connection we ~
is integrable iff

H02T~=H~R~=0I/peP.

This theoremis an obviousreformulationof theorem5.2 thatgives the integra-
bility conditionsof J~~)in theform

00,2=0

Corollary 9.9.

c~~
1={we~,H0’

2T~°=Hg~R~=0}.

In particular, thesetct~is contained in the affine space

~={we~,HO.2Tw=0}.

Proposition 9.10. Assumethat %~ 0 andw
0e%. Then

(1) %={we~’,w~wo}=j’(/o),
where/0is somesubsetof/.

(2) Ifm”~=0,then/0isapoint.
(3) IfG is a reductive group, then

we ~ T~=T°-°}.

In particular, if thereexistsa torsionlessconnectionw0, then

we ~‘, T~=0}.

Proof
(1) Follows from theorem9.1 anddefinition.
(2) Follows from theorem9.5(1).
(3) Followsfrom theorem9.5(2).

9.4. By theorem9.8, the almostcomplexstructureJU) associatedwith aconnec-
tion we % is integrableif the componentH~’~R‘° of the curvaturefunction
R~:P—~C

2(g)vanishes.
The following important theoremdescribesthe algebraicpropertiesof the

functionHg~R0~,whichis the obstaclefor integrabilityof J’°.

Theorem9.11. Letwe %. Then
(1) thecomplexstructureJW is integrable iffH~’~R~as0;
(2) the function p-. (H

0o~~R0))~takes values in the space 91+ (m),
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(*)

and, in particular, it satisfies the algebraic Bianchi identity

dHg~R~=oI/peP.

Proof It is only necessaryto prove (2). It follows from thefollowing lemmas.

Lemma 9.12. ForanyWE ‘~t~weset

B°~=R°-’—VT~—T~0T°~,

where VT~is the function associated with the covariant derivative of the torsion
tensor and

TWoTw(x,y)Tw(T(o(x,y),)

for tangent vectors x, y.

Then the Bianchi identity maybe written as
dB~°=O.

SeeLichnerowicz [12].

Lemma9.13. Ifwe ~‘o,then

Ho,2 W 0,2 w
0,1 — 0,1

Proof We mustcheckthat

H°’
2(VT°~)=0, H3’~(T°~oT~)=0.

The first equality is derivedfrom the conditionH°’2T~=0, I/peP. The second
onefollows from ananalysisof eigenvaluesof theoperator1 in thespacesC~and
C~,seesection6.

Using theselemmasandtheidentityHO°’~d= d~H8’~,we maywrite

d(H~R’°)=d(H8B’°)=H
0

0~dB~°=0.

Theresultsof section6 nowimply thatHft~R~ e 91+ (m).

Remark 9.14.
(1) In general,dR~0.
(2) By virtue of (*) the resultsof section6 aboutthe integrabilityconditions

for Jtm aregeneralizedto the caseof aconnectionwith torsion.We will not state
it here.
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(3) A simplerproof of theorem9.11 basedon Cartan’sconnectionswill be
publishedelsewhere.

One of the authors (D.A.) wishes to thank Franco Tricerri and Stefano
Marchiafavafor hospitalityandusefuldiscussions.TheauthorsalsothankGarry
JensenandAndreaSpirofor valuableremarksaboutthefirst versionof thepaper.
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